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On the onditions of topologial equivalene of
pseudoharmoni funtions dened on disk
Polulyakh E., Yurhuk I.
Institute of Mathematis of Ukrainian National Aademy of Sienes, Kyiv
Abstrat. Let D2 ⊂ C be a losed two-dimensional disk and f : D2 → R
be a ontinuous funtion suh that a restrition of f to ∂D2 is a ontinuous
funtion with a nite number of loal extrema and f has a nite number of
ritial points in IntD2 suh that eah of them is saddle (i.e., in its neigh-
borhood the loal representation of f is f = Rezn+ const, where z = x+ iy,
n ≥ 2). This lass of funtions oinides with lass of pseudoharmoni fun-
tions dened on D2 [17℄.
First, we will onstrut an invariant of suh funtions whih ontains all
information about them. Then, in terms of suh invariant the neessary
and suient onditions for pseudoharmoni funtions to be topologially
equivalent will be obtained.
Keywords. a pseudoharmoni funtion, a ombinatorial diagram, a topo-
logial onjugany.
Introdution
In [817℄ the problems of topologial lassiation of funtions, ve-
tor elds and others strutures on manifold were solved. In most ases,
suh solutions were reeived by the onstrution of ombinatorial ob-
jets whih ontain all neessary fats about the struture being inves-
tigated. For example, in [15℄ authors onstruted the spin graphs in
order to lassify Morse-Smale's elds on losed two-dimensional mani-
folds. So, an isomorphism of suh graphs is the neessary and suient
ondition of topologial lassiation of elds. In [8, 14℄ the lassia-
tion of Mmorsiations and bifurations was obtained in terms of
snakes (the speial permutations).
Our goal is to onstrut an invariant of pseudoharmoni funtions de-
ned on disk and to reeive the onditions for them to be topologially
equivalent.
In Setion 1 we introdue all neessary denitions whih onnet the
nature of pseudoharmoni funtions and theory of graphs.
In Setion 2 the invariant of suh funtions is onstruted, and also
its main properties are studied. In partiular, the invariant is a nite
onneted graph with a partial orientation and a partial order on its
verties whih is generated by a funtion.
The main result of this paper is Theorem 3.1. in Setion 3 whih
formulates the neessary and suient onditions for pseudoharmoni
funtions to be topologially equivalent in terms of their ombinatorial
diagrams.
1
21. Preliminaries
Let us remind some denitions and results whih will be helpful for
us.
Let T be a tree with a set of verties V and a set of edges E. Suppose
that T is non degenerated ( has at least one edge). Denote by Vter a
set of all terminal verties of T (i.e. verties of degree one). Suppose
that for some subset V ∗ ⊆ V the following ondition holds true
(1) Vter ⊆ V
∗ .
Let also ϕ : T → R2 is an embedding suh that
(2) ϕ(T ) ⊆ D2 , ϕ(T ) ∩ ∂D2 = ϕ(V ∗) .
Lemma 1.1 (see [18℄). A set R2 \ (ϕ(T ) ∪ ∂D2) has a nite number
of onneted omponents
U0 = R
2 \D2, U1, . . . , Um ,
and for every i ∈ {1, . . . , m} a set Ui is an open disk and is bounded
by a simple losed urve
∂Ui = Li ∪ ϕ(P (vi, v
′
i)) , Li ∩ ϕ(P (vi, v
′
i)) = {ϕ(vi), ϕ(v
′
i)}
where Li is an ar of ∂D
2
suh that the verties ϕ(vi) and ϕ(v
′
i) are its
endpoints, and ϕ(P (vi, v
′
i)) is an image of the unique path P (vi, v
′
i) in
T whih onnets vi and v
′
i.
It is known [19℄ that if E1, E2 are losed disks and h : ∂E1 → ∂E2
is a homeomorphism that there exists a homeomorphism H : E1 → E2
suh that H|∂E1 = h.
Denition 1.1. Two funtions f, g : D2 → R are alled topologially
equivalent if there exist orientation preserving homeomorphisms h1 :
D2 → D2 and h2 : R→ R suh that f = h
−1
2 ◦ g ◦ h1.
We remind that funtion f(x, y) is harmoni at a point (x0, y0) if
∂2f
∂x2
(x0, y0) +
∂2f
∂y2
(x0, y0) = 0.
Denition 1.2. Funtion f(z) is pseudoharmoni at a point z0 =
(x0, y0) if there exist a neighborhood U(z0) and a homeomorphism ϕ
of U(z0) onto itself suh that ϕ(z0) = z0 and f(ϕ(z)), z = (x, y), is
harmoni.
Funtion f is pseudoharmoni in a domain if it is pseudoharmoni
at any point of it.
Denition 1.3. Point z0 ∈ D
2
is a regular point of f if there exist
its open neighborhood U ⊆ D2 and a homeomorphism ϕ : U → IntD2
suh that ϕ(z0) = 0 and f ◦ ϕ−1(z) = Rez + f(z0) for all z ∈ U .
The neighborhood U will be alled anonial.
3Denition 1.4. Point z0 ∈ ∂D2 is a regular boundary point of f if
there exist its neighborhood U in D2 and a homeomorphism h : U →
D2+ of suh neighborhood into upper half-disk D
2
+ suh that h(z0) = 0,
h(U ∩ f−1(f(z0))) = {0} × [0, 1), h(U ∩ ∂D2) = (−1, 1) × {0} and a
funtion f ◦ h−1 is stritly monotone on the interval (−1, 1)× {0}.
The neighborhood U will be named anonial.
Remark 1.1. It is easy to see that the anonial neighborhoods from
Denitions 1.3 and 1.4 an be hosen as small as need.
If a point z0 ∈ IntD2 is not a regular point of f ∈ F (D2) it will be
alled ritial. By denition all ritial points of f are saddle.
Point of ∂D2 that is neither a boundary regular point nor an isolated
point of its level urve will be alled a ritial boundary point.
Denition 1.5. Number c is a ritial value of f if level set f−1(c)
ontain ritial points.
Number c is a regular value of f if a level set f−1(c) does not ontain
ritial points and it is homeomorphi to a disjoint union of segments
whih interset with a boundary ∂D2 only in their endpoints.
It is known that any level urve of pseudoharmoni funtion is home-
omorphi to a disjoint union of trees [1, 3℄.
Denition 1.6. Number c is a semiregular value of f if it is neither
regular nor ritial.
Remark 1.2. From Denitions it follows that level urves of semireg-
ular value ontain only boundary ritial points and loal extrema of f
(they belong to ∂D2 and are isolated points of level urves of f). The
level urves of the ritial value ontain the ritial points and they also
an ontain boundary ritial points and loal extrema.
From Theorem 4.1 [6℄, see also [1℄, it follows that for any ritial
boundary point there exists an homeomorphism of its anonial neigh-
borhood onto half-disk whih maps that point to origin and an image
of its level set onsists of nite number of rays outgoing from it.
It is easy to prove that the level urves of a semiregular value of pseu-
doharmoni funtion are isomorphi to trees, in general disonneted.
For any boundary ritial point z0 the number of domains on whih
half-disk is divided by a set f−1(f(z0)) is greater than 2. Every suh
domain an be assoiated with a sign either + or − depending on
a sign of the dierene f(z)− f(z0) in it.
We should remark that if a number of the domains is even then the
domains adjoining to ∂D2 have the same sign. Therefore a point z0 is
loal extremum of f |∂D2. It is obvious that in the ase when this sign
is minus it is a loal maximum, otherwise it is minimum.
Let n > 1 and z1, . . . , z2n is a sequene of points on ∂D
2 ∼= S1 and
they are passed in this order in the positive diretion on ∂D2. Let γk
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Figure 1. In ase a) point is regular but in ase b) it
is loal maximum of f |∂D2.
is a positively oriented lose ar of ∂D2 from zk to zk+1 or z1 when
k = 2n. Denote by γ˚k an open ar γk without its endpoints.
Denition 1.7 (see [20℄). Suppose that for a ontinuous funtion f :
D → R there exists n = N (f) ≥ 2 and a sequene of points z1, . . . , z2n−1, z2n ∈
FrD (in this order these points are passed in the positive diretion on
FrD) suh that the following onditions are satised:
1) every point of the domain IntD = D \ FrD is a regular point
of f ;
2) γ˚2k−1 6= ∅ for k ∈ {1, . . . , n}, and any point of the ar γ˚2k−1 is
a regular boundary point of f (in partiular, the restrition of
f to γ2k−1 is stritly monotone);
3) the ars γ2k, k ∈ {1, . . . , n}, are onneted omponents of the
level sets of f .
Suh funtion will be alled a weakly regular on D.
Lemma 1.2 (see [20℄). Let f be a weakly regular funtion on D. Then
N (f) = 2.
Denition 1.8 (see [20℄). Suppose that for some n ≥ 2 and a sequene
of points z1, . . . , z2n ∈ FrD a funtion f satises all onditions of Def-
inition 1.7 exept 3, but instead, the following ondition holds true
3′) for j = 2k, k ∈ {1, . . . , n}, an ar γj belongs to some level set
of f .
Suh funtion will be named an almost weakly regular on D.
Let f be an almost weakly regular funtion on D. Denote by 2 ·
N (f) a minimal number of points and ars satisfying Denition 1.8.
Obviously, 2 · N (f) only depends on f .
Proposition 1.1 (see [20℄). If for some n ≥ 2 and a sequene of points
z1, . . . , z2n ∈ FrD a funtion f satises all onditions of Denition 1.8
and n = N (f), then a olletion of sets {˚γ2k−1}nk=1 oinides with a
olletion of onneted omponents of the set of regular boundary points
of f .
5Denition 1.9 (see [20℄). A simple ontinuous urve γ : [0, 1] → W
is alled an U-trajetory if f ◦ γ is strongly monotone on the segment
[0, 1].
Denition 1.10 (see [20℄). Let f be a weakly regular funtion on the
disk D, let γ1, . . . , γ4 be ars from Denition 1.7. If through every
point of a set Γ whih is dense in γ˚2 ∪ γ˚4 passes a U-trajetory, then
the funtion f is alled regular on D.
Theorem 1.1 (see [20℄). Let f be a regular funtion on D, γ1, . . . , γ4
be the ars from Denition 1.7.
Let D′ = I2, if γ˚2 6= ∅ and γ˚4 6= ∅; D
′ = D2, if γ˚2 ∪ γ˚4 = ∅;
D′ = D
2
+, if exatly one of sets either γ˚2 or γ˚4 is empty.
Suppose that φ : FrD → FrD′ is a homeomorphism suh that φ(K) =
K ′, where
K = f−1
(
min
z∈D
(f(z)) ∪max
z∈D
(f(z))
)
,
K ′ =
{
(x, y) ∈ D′
∣∣ y ∈ { min
(x,y)∈D′
(y), max
(x,y)∈D′
(y)
}}
.
There exists a homeomorphism Hf of disk D onto D
′
suh that
Hf |K = φ and f ◦H
−1
f (x, y) = ay + b, (x, y) ∈ D
′
, for some a, b ∈ R,
a 6= 0.
2. Combinatorial invariant of pseudoharmoni funtions
At rst we should remind the term of Reeb's graph. Let M be
a smooth ompat manifold. Suppose that f : M → R is a smooth
funtion with a nite number of ritial points. Let us dene onneted
omponent of level urves of f−1(a), where a ∈ R, as layer. Then
M is the union of all layers of f . Also we an dene the relation of
equivalene as the property of points to belong to a same layer and
onsider the quotient spae by this relation. It is homeomorphi to
a nite graph named Reeb's graph and let us denote it by ΓK−R(f).
Its verties are omponents of level urves suh that they ontain the
ritial points.
Let D2 be a losed oriented disk and f : D2 → R be a pseudohar-
moni funtion. We should remark that for a manifold with boundary
the onstrution of Reeb's graph is an open problem therefore there is
a reason to obtain another invariant for suh funtions.
Constrution of invariant for pseudoharmoni funtion named
as ombinatorial diagram:
1) We onstrut Reeb's graph ΓK−R(f |∂D2) of the restrition of f
to ∂D2. It is isomorphi to irle with even number of verties
of degree 2 (verties are loal extrema of the restrition of f to
∂D2) and x an orientation on ΓK−R(f |∂D2) whih is generated
by the orientation of D2.
62) Let ai be the ritial values of f and cj be the semiregular
values. We add to ΓK−R(f |∂D2) those onneted omponents of
sets
f−1(a1)
⋃
. . .
⋃
f−1(ak)
⋃
f−1(c1)
⋃
f−1(c2)
⋃
. . .
⋃
f−1(cl) ,
of level urves that ontain ritial and boundary ritial points.
It is obvious that new verties appear on ΓK−R(f |∂D2). We set
P (f) = ΓK−R(f |∂D2) ∪
⋃
i
f̂−1(ai) ∪
⋃
j
f̂−1(cj) ,
where f̂−1(ai) ⊂ f
−1(ai), f̂
−1(cj) ⊂ f
−1(cj) are those onneted
omponents of level sets that ontain ritial and boundary rit-
ial points.
3) We put a partial order on verties of P (f) by using the val-
ues of f : v1 < v2 ⇐⇒ f(x1) < f(x2), where v1, v2 ∈ P (f),
x1, x2 are points orresponding to verties v1, v2, respetively.
In ase of the same values of funtion on verties they will be
non omparable.
This partial order is strit [21℄ sine the relation is antireexive, anti-
symmetri and transitive. P (f) will be alled ombinatorial diagram
of pseudoharmoni funtion f .
By the onstrution P (f) is a nite partially oriented graph with a
strit partial order on verties.
1
1
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1
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Figure 2. Example of a diagram of some pseudohar-
moni funtion.
We onstruted the ombinatorial invariant of f as subset of D2.
We will onsider it as the abstrat partially oriented graph with xed
relation of partial order on the set of verties V (P (f)).
Denition 2.1. Two ombinatorial diagrams P (f) and P (g) are iso-
morphi if there exists an isomorphism φ : P (f)→ P (g) between them
whih preserves a strit partial order given on their verties (maps
φ
∣∣
V (P (f))
and φ−1
∣∣
V (P (g))
are monotone) and the orientation.
7We put the natural topology on the diagram P (f). For example,
it an be introdued by struture of one-dimensional CW-omplex on
P (f). All verties of the graph P (f) an be onsidered as 0-dimensional
ells, similarly, all edges an be onsidered as 1-dimensional ells. P (f)
also an be regarded as a subset of R
3
and all edges are straight seg-
ments.
Denition 2.2. Homeomorphism ϕ : P (f) → P (g) is said to real-
ize an isomorphism φ : P (f) → P (g) of ombinatorial diagrams if
ϕ
∣∣
V (P (f))
= φ
∣∣
V (P (f))
and from φ(e) = e′ it follows that ϕ(e) = e′ for
any edge e ∈ E(P (f)).
Remark 2.1. It is lear that every isomorphism φ of ombinatorial
diagrams is realized by some homeomorphism but it is not uniquely
dened: for every edge e ∈ E(P (f)) we an arbitrarily hoose a home-
omorphism ϕe : e → φ(e) suh that maps ϕe and φ are the same on
e ∩ V (P (f)).
We onstruted the ombinatorial diagram P (f) as a subset of D2
therefore support of diagram in D2 is orretly dened sine it is the
set
(3) Pf = ΓK−R(f |∂D2) ∪
⋃
i
f̂−1(ai) ∪
⋃
j
f̂−1(cj) ,
where f̂−1(ai) and f̂
−1(cj) are onneted omponents of level urves of
f whih ontain the ritial and boundary ritial points.
Similarly, to the verties of P (f) orresponds the set Vf whih is the
support of the set of its verties in D2. Funtion f indues a strit
partial order on it using the following orrelations x1 < x2 ⇔ f(x1) <
f(x2). Denote by M(f) ⊂ ∂D2 the set of loal extrema of f on D2.
By the onstrution every point of this set orresponds to some vertex
of P (f), thus M(f) ⊂ Vf . Other verties of P (f) are haraterized
by the property that eah of them is a ommon endpoint of at least
three edges, therefore it has no neighborhood that is homeomorphi to
segment in the spae P (f).
Denition 2.3. Cr-subgraph of P (f) is a subgraph q(f) suh that:
• q(f) is a simple oriented yle;
• arbitrary pair of adjaent verties vi, vi+1 ∈ q(f) is omparable.
Let ϕ : P (f) → D2 be an arbitrary embedding of topologial spae
P (f) into D2 suh that ϕ(P (f)) = Pf . Granting what we said above
it is obvious that an inlusion M(f) ⊆ ϕ(V (P (f))) is equivalent to
ϕ(V (P (f))) = Vf .
In what follows unless otherwise stipulated we assume that
for any embedding of P (f) into D2 the orientation of Cr-
subgraph oinides with the orientation of ∂D2.
8Denition 2.4. Let ϕ : P (f) → D2 be an embedding of topologial
spae P (f) into D2. It is alled to be onsistent with f if the following
orrelations hold true:
• ϕ(P (f)) = Pf ;
• M(f) ⊆ ϕ(V (P (f)));
• a partial order on (V (P (f))) = Vf indued by a partial order on
V (P (f)) with help of ϕ oinides with a partial order indued
on this set from R by f .
It is lear that there exist at least one embedding ϕ : P (f) → D2
whih is onsistent with f . If ψ : P (f) → P (f) is an isomorphism of
P (f) onto itself (for example, idential map) whih an be realized by
homeomorphism ψˆ : P (f) → P (f), then an embedding ϕ ◦ ψˆ is also
onsistent with f .
We should remind that verties v1 and v2 of some graph G are adja-
ent if they are endpoints of the same edge.
Let v be some vertex of the diagram P (f) and {vi}, i = 1, k, be a
set of all adjaent verties to it. Then there exist points x and xi of
D2 that orrespond to verties v and vi. Denote by Xi ⊆ D2 the set
of points whih orresponds to edge e(v, vi) (it is lear that every Xi is
homeomorphi to segment). Let us onsider the following ases:
Case 1: x ∈ IntD2. Then f(x) = f(xi) = a, where i = 1, k and a
is a ritial value. Therefore verties v,v1, v2, . . . , vk are pairwise non
omparable. Sine level set of the ritial value a is a nite tree then
all verties of it are non omparable.
Case 2: x ∈ ∂D2. In this ase the point x is either regular or
loal extremum of f |∂D2 whih is ontinuous and monotonially inrease
(derease) between adjaent loal extrema. Therefore, among sets Xi
there exist suh that funtion monotonially inreases (dereases) on
them. Cirle is losed Jordan urve then there are exatly two suh sets
Xj and Xk whose endpoints are points xj and xk. So, it follows that
among all verties {vi} adjaent to v there exist exatly two verties
vj and vk whih are omparable with a vertex v. For both vj and vk
there exist exatly two verties whih are omparable to it thus these
verties generate a yle (the ase of two or more non interseting yles
is impossible sine a disk has one boundary irle).
It is obvious that v together with both verties vj and vk belong to
q(f)yle.
The fat that the diagram P (f) is onstruted by pseudoharmoni
funtion implies several harateristis of it.
Main properties of P (f):
C1) there exists the unique Cr-subgraph q(f) ∈ P (f);
9C2) P (f) \ q(f) =
⋃
i
Ψi, Ψj
⋂
Ψi = ∅, where i 6= j, and every Ψi is
a tree suh that for any index i arbitrary two verties v′, v′′ ∈ Ψi
are non omparable;
C3) there exists an embedding ψ : P (f)→ D2 suh that ψ(q(f)) =
∂D2 and ψ(P (f) \ q(f)) ⊂ IntD2;
C4) for every onneted omponent Θ of D2 \ Pf the funtion f is
regular (see [20℄) on the set Θ.
From what was said above the existene of Cr-subgraph and the fairness
of C2 follow. From the existene of Cr-subgraph and C2 it follows that
q(f) is unique. Condition C3 follows from fat that P (f) is a diagram
of a funtion f , dened on D2. Cr-subgraph q(f) ∈ P (f) is unique
thus from the denitions it is easy to see that for every embedding
ψ : P (f)→ D2 whih is onsistent with f the equality ψ(q(f)) = ∂D2
should hold true.
By the denition of the diagram P (f) any tree Ψi orresponds to
a onneted omponent of some ritial or semiregular level set of f .
A number of trees is the same as a number of suh omponents whih
ontain ritial or boundary ritial points. Denote by P cf = Pf \ ∂D
2
the union of suh omponents.
Let ψ : P (f) → D2 be an embedding whih is onsistent with f .
If the endpoints v′ and v′′ of some edge e = e(v′, v′′) of P (f) are non
omparable, then e˚ = e \ {v′, v′′} ∈ P (f) \ q(f) ⊆
⋃
iΨi. Thus ψ(˚e) ⊆
Pf ∩ IntD2 ⊆ P cf . Then there exists c = c(e) ∈ R suh that ϕ(e) ⊂
f−1(c). Any onneted set ψ(Ψi) belongs to some onneted omponent
of P cf . From the fats that a map ψ is an embedding and ψ(q(f)) = ∂D
2
follow the equalities
ψ
(⋃
i
Ψi
)
= ψ
(
P (f) \ q(f)
)
= ψ(P (f)) \ ψ(q(f)) = Pf \ ∂D2 = P
c
f .
By the denition the number of onneted omponents of sets
⋃
iΨi
and P cf oinides thus any set ψ(Ψi) is a onneted omponent of P
c
f .
Let us ombine together orollaries of Conditions C1C3 whih we
obtained above.
Proposition 2.1. Let P (f) be a ombinatorial diagram of pseudo-
harmoni funtion f and ψ : P (f) → D2 be an embedding whih is
onsistent with f . Then the following onditions hold true:
• ψ(q(f)) = ∂D2;
• for any tree Ψi the set ψ(Ψi) is a omponent of ritial or
semiregular level set of f .
Let us prove Condition C4.
Proposition 2.2. Let P (f) be a ombinatorial diagram of pseudo-
harmoni funtion f and ψ : P (f) → D2 be an embedding suh that
ψ(q(f)) = ∂D2.
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The set FrΣ = FrΣ is an image of a simple yle Q of P (f) for any
onneted omponent Σ of D2 \ ψ(P (f)).
Proof. All verties of Ψj ⊂ P (f) whih do not belong to Cr-yle q(f)
orrespond to ritial points of f for any j, thus they have even degree
no smaller than 2. Therefore the set V jter of all verties of Ψj of degree
1 is ontained in q(f) and we an apply Lemma 1.1 to a map ψ
∣∣
Ψj
.
By indution on the number of trees Ψi embedded into disk from
Lemma 1.1 it follows that a boundary FrΣ of Σ is simple Jordan urve.
Let us prove that its preimage Q = ψ−1(FrΣ) is a subgraph of P (f).
It sues to verify the following assertion. Let e = e(v1, v2) be some
edge of P (f) and x ∈ e˚ = e \ {v1, v2} be an inner point of e. If x ∈ Q,
then e ⊂ Q.
It is obvious that the set Q is a simple losed urve. Therefore
Q \ {x′} is onneted for any x′ ∈ Q. Thus Q \ e 6= ∅ (any point
of segment e exept its endpoints splits it, see [22℄). Suppose that an
edge e is support of simple ontinuous urve α : I → P (f), α(0) = v1,
α(1) = v2. Therefore x = α(τ) for some τ ∈ (0, 1). We should remark
that e is one-dimensional ell of CW-omplex P (f), thus e˚ = α(I˚)
is an open subset of P (f) (we denoted I˚ = (0, 1)). For any interval
I˚(t1, t2) = (t1, t2), t1, t2 ∈ I, t1 < t2, the set α(I˚(t1, t2)) is an open
subset of P (f). It is also obvious that P (f)\α([t1, t2]), where t1, t2 ∈ I,
t1 < t2 is open in P (f).
Let us show that at least one of sets α([0, τ ]), α([τ, 1]) belong to
Q. Suppose that it does not hold true. So, there exist t1 ∈ [0, τ ]
and t2 ∈ [τ, 1] suh that α(t1), α(t2) /∈ Q. Then the nonempty sets
Q ∩ α(I˚(t1, t2)) ∋ x and Q \ α([t1, t2]) ⊇ Q \ e open in subspae Q of
P (f) generate a partition ofQ, but it is impossible sineQ is onneted.
Suppose that α(t) /∈ Q for some t ∈ I. Without loss of generality we
an assume that t < τ . Then α([τ, 1]) ⊂ Q. Let us x t′ ∈ (τ, 1) and
set x′ = α(t′). The nonempty open in Q sets Q ∩ α(I˚(t, t′)) ∋ x and
Q \α([t, t′]) ⊃ Q \ e generate in Q the partition of subset Q \ {x′}, but
it is impossible sine Q \ {x′} is onneted.
Thus e ∈ Q and Q is a subgraph of P (f). The set Q is homeomorphi
to irle thus it is a simple yle. 
Lemma 2.1. Let P (f) be a diagram onstruted at pseudoharmoni
funtion f and ψ : P (f)→ D2 be an embedding that is onsistent with
f .
Then for any omponent Θ of the omplement D2 \ P (f) = D2 \ Pf
its losure Θ is homeomorphi to disk and f is regular on Θ.
Proof. Let Θ be a onneted omponent of D2 \ P (f). Let us prove,
at rst, that f is weekly regular in Θ. From Propositions 2.1 and 2.2
it follows that a boundary of Θ is a simple losed urve. Thus Θ is a
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losed disk and
FrΘ = Θ ∩ Pf = (Θ ∩ ψ(q(f))) ∪
(
Θ ∩ ψ
(⋃
i
Ψi
))
= ΓV ∪ ΓE ∪ ΓT ,
where ΓT = Θ∩ψ(
⋃
iΨi); ΓV = Θ∩M(f) is a set of points of ∂D
2∩FrΘ
whih orrespond to verties of P (f) of q(f) \
⋃
iΨi; ΓE are the open
ars of ∂D2 ∩ FrΘ whih orrespond to the edges of the yle q(f)
without endpoints. It is obvious that the sets ΓV , ΓE and ΓT are
pairwise disjoint.
The set ΓV onsists of the isolated points of level sets of f . Eah of
them is a loal extremum of f in D2. The funtion f is loally onstant
on ΓT therefore any onneted omponent K of suh set belongs to
ψ
(⋃
iΨi
)
and there exists cK ∈ R suh that K ∈ f−1(cK). Let ΓK
be a onneted omponent of f−1(cK) ∩ Θ ontaining K. Then ΓK ⊆
Θ ∩ ψ
(⋃
iΨi
)
= ΓT . Consequently ΓK = K.
From the denition it follows that all points of ΓE are regular bound-
ary points of f in D2. It is easy to see that suiently small anonial
neighborhood of any point of ΓE belongs to Θ therefore all points of
ΓE are regular boundary points of f in Θ.
By the denition the set ΓE has a nite number of onneted ompo-
nents (their number is no more than a number of the edges of the yle
q(f)) therefore there exists a nite olletion of points z1, . . . , z2n ∈
FrΘ whih divide the irle FrΘ into ars γ1, . . . , γ2n suh that ΓE =⋃n
k=1 γ˚2k−1 (some ars with even indies an degenerate into points).
It is lear that FrΘ \
⋃n
k=1 γ˚2k−1 =
⊔n
k=1 γ2k = ΓV ∪ΓT . The sets ΓV
and ΓT are losed and disjoint thus any ar γ2k, k ∈ {1, . . . , n}, belongs
to either ΓV or ΓT .
From the preeding it follows that any set γ2k, k ∈ {1, . . . , n}, is
a onneted omponent of some level set of f on Θ. Therefore the
olletion of points z1, . . . , z2n satises to Denition 1.7 and f is weakly
regular on Θ.
From Lemma 1.2 it follows that n = N (f |Θ
) = 2. If γ˚2k 6= ∅,
k ∈ {1, 2}, then γ2k ∈ ΓT (the set ΓV is disrete therefore γ2k∩ΓV = ∅,
see above) and any point z ∈ γ˚2k either belongs to IntD2 or is boundary
ritial point of f .
If z ∈ γ˚2k∩ IntD2, then there exist an open neighborhoodWz of z in
D2 and a homeomorphism Φz : Wz → IntD2 suh that Φz(z) = 0 and
f ◦ Φ−1z (w) = Rew
m + f(z) for some m ≥ 2. The set Φz(f−1(f(z)))
divides IntD2 onto 2m open setors suh that eah of them (for suf-
iently small neighborhood Wz) belongs to D
2 \ P (f). Thus for at
least one of them its image under the ation of Φ−1z belongs to Θ. It is
obvious that for every suh setor there exists U-trajetory of f whih
passes through the point z and is ontained in the losure of the im-
age of setor under the ation of Φ−1z . Taking that into aount some
U-trajetory in Θ passes through z.
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The number of the boundary ritial points of f on D2 is nite
therefore Γ = γ˚2k ∩ IntD2 is a dense subset of an ar γ˚2k, k ∈ {1, 2},
and funtion f is regular on Θ. 
Lemma 2.2. Let P (f) be a ombinatorial diagram of pseudoharmoni
funtion; ψ1, ψ2 : P (f)→ D
2
be embeddings suh that ψi(q(f)) = ∂D
2
,
i = 1, 2.
If an image ψ1(Q) of a simple yle Q ⊂ P (f) is a boundary of some
omponent of the omplement D2 \ ψ1(P (f)), then an image ψ2(Q) is
a boundary of some omponent of the omplement D2 \ ψ2(P (f)).
Proof. Let us x an embedding ϕ : P (f)→ D2 onsistent with f . Let
ψ : P (f) → D2 be an embedding suh that ψ(q(f)) = ∂D2. It is
obvious that lemma follows from the following statement: an image
ψ(Q) of a simple yle Q ⊆ P (f) is a boundary of some omponent of
the omplement D2 \ ψ(P (f)) i a urve ϕ(Q) is a boundary of one of
omponents of D2 \ Pf = D2 \ ϕ(P (f)). Let us prove this statement.
Suppose that an image ϕ(Q) of the yle Q bounds one of the ompo-
nents Θ of the set D2 \Pf . From Lemma 2.1 it follows that f is regular
on disk Θ, therefore there exist points z1, . . . , z4 ∈ FrΘ = ϕ(Q) whih
divide a urve ϕ(Q) into ars γ1, . . . , γ4 satisfying the following ondi-
tions:
• γ˚1 6= ∅, γ˚3 6= ∅, and the set γ˚1 ∪ γ˚3 is the set of boundary
regular points of f on Θ;
• γ2 and γ4 are the omponents of level sets of f on Θ.
From these onditions it follows that (see a proof of Lemma 2.1)
γ2 ∪ γ4 = FrΘ ∩
(
ϕ(V (P (f))) ∪ ϕ
(⋃
i
Ψi
))
⊇
⊇ FrΘ ∩ ϕ
(⋃
i
Ψi
)
= FrΘ ∩
(⋃
i
ϕ(Ψi)
)
.(4)
Suppose that γ2 ⊆ f−1(c′), γ4 ⊆ f−1(c′′) for c′, c′′ ∈ R. As γ˚1 6= ∅
and all points of this set are regular boundary points of f on Θ the
following statement holds true: z1 6= z2 (sine γ˚1 = γ1 \ {z1, z2}) and f
is stritly monotone on γ1. Thus c
′′ = f(z1) 6= f(z2) = c′ and the sets
γ2 and γ4 belong to dierent level sets of f .
Let us set wi = ψ◦ϕ−1(zi), νi = ψ◦ϕ−1(γi), i ∈ {1, . . . , 4}. The urve
ψ(Q) bounds an open domain Σ. From (4) it follows that ν2 ∪ ν4 ⊇
FrΣ ∩ ψ(
⋃
iΨi).
Let us assume that a urve ψ(Q) ⊆ ψ(P (f)) is not a boundary of
onneted omponent of D2 \ ψ(P (f)). Therefore Σ ∩ ψ(P (f)) 6= ∅.
We x z ∈ Σ ∩ ψ(P (f)). It is obvious that Σ ⊆ IntD2, therefore
x = ψ−1(z) ∈ P (f) \ q(f) ⊆
⋃
iΨi and z ∈ ψ(Ψj) for some j. All
verties of the tree Ψj whih do not belong to Cr-yle q(f) orrespond
to the ritial points of f thus they have even degree no less than 2.
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So, the set V jter of all verties of degree one of tree Ψj is ontained in
q(f). It is easy to see that this set has at least two elements.
By easy hek we an see that for any point u of a subspae Ψj
of the spae P (f) there exist v′u, v
′′
u ∈ V
j
ter and path P (v
′
u, v
′′
u) ⊂ Ψj
whih onnets v′u with v
′′
u and passes through u. Let us x for a point
x = ψ−1(z) verties v′x, v
′′
x ∈ V
j
ter and a path P (v
′
x, v
′′
x) ⊂ Ψj whih
onnets them and passes through a point x. We also x a simple
ontinuous urve α : I → P (f) whose support is a path P (v′x, v
′′
x).
Suppose that α(0) = v′x, α(1) = v
′′
x, α(τ) = x.
It is known that ψ(V jter) ⊂ ψ(q(f)) = ∂D
2
, but z = ψ(x) ∈ Σ ⊆
IntD2. Therefore τ ∈ (0, 1). Furthermore ψ(v′x), ψ(v
′′
x) /∈ Σ, so that
eah of the sets ψ ◦ α([0, τ ]) and ψ ◦ α([τ, 1]) should interset ψ(Q) =
FrΣ. Suppose that
t′ = inf{t ∈ [0, τ ] |ψ ◦ α([t, τ ]) ∈ Σ} ,
t′′ = sup{t ∈ [τ, 1] |ψ ◦ α([τ, t]) ∈ Σ} .
Then τ ∈ (t′, t′′) ⊆ (ψ ◦α)−1(Σ) but ψ ◦α(t′), ψ ◦α(t′′) ∈ ψ(Q) = FrΣ.
It is lear that for every e = e(w′, w′′) ∈ P (v′x, v
′′
x) there exist t
′, t′′ ∈ I,
t′ < t′′ suh that w′ = α(t′), w′′ = α(t′′) and e = α([t′, t′′]). So,
there exist numbers t0 = 0 < t1 < · · · < tk = 1, verties v0 = v′x,
v1, . . . , vk = v
′′
x, and the edges e1, . . . , ek of the tree Ψj suh that vi =
α(ti), i ∈ {0, . . . , k}, and ei = α([ti−1, ti]), i ∈ {1, . . . , k}.
From the hoie of the numbers t′ and t′′ it follows that only the
points α(t′) and α(t′′) belong to the intersetion of the set α([t′, t′′])
and the subgraph Q. Thus α(t′) = vr and α(t
′′) = vs for some r, s ∈
{0, . . . , k}, r < s. Hene the path P (vr, vs) = α([t′, t′′]) onnets the
verties vr 6= vs of the yle Q and intersets Q along the set {vr, vs}.
We know already that ψ(vr), ψ(vs) ∈ ν2∪ν4. Observe that the points
ψ(vr) and ψ(vs) an not belong to the dierent ars ν2, ν4. Really from
Proposition 2.1 it follows that there is c ∈ R suh that ϕ(Ψj) ⊆ f−1(c),
therefore f ◦ ϕ(vr) = f ◦ ϕ(vs) = c. On the other hand, as we heked
above, the sets γ2 = ϕ ◦ ψ−1(ν2) and γ4 = ϕ ◦ ψ−1(ν4) belong to the
dierent level sets of f .
Without loss of generality, suppose that ψ(vr), ψ(vs) ∈ ν2. The set
ν2 is onneted, moreover ν2 ⊆ ψ(Ψj), ν4 ∩ ψ(Ψj) = ∅ and ν2 ∪ ν4 ⊇
ψ(Q) ∩ ψ(
⋃
iΨi). Therefore the onneted set ψ
−1(ν2) = Q ∩ Ψj is a
subgraph of P (f). Hene there exists the path Pˆ (vr, vs) onneting the
verties vr and vs in Q ∩Ψj.
From the onstrution we have P (vr, vs)∪Pˆ (vr, vs) ⊆ Ψj and P (vr, vs) 6=
Pˆ (vr, vs). Sine Ψj is a tree then the verties vr and vs an be on-
neted by the unique path in Ψj. So, we obtained the ontradi-
tion whih proves that ψ(P (f)) ∩ Σ = ∅. Considering that FrΣ =
ψ(Q) ⊆ ψ(P (f)) it follows that Σ is a onneted omponent of the set
D2 \ ψ(P (f)).
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Suppose now that for some simple yle Q′ ⊆ P (f) the urve ψ(Q′)
bounds a onneted omponent Σ′ of the set D2 \ ψ(P (f)), but the
urve ϕ(Q′) is not a boundary of the onneted omponent of the set
D2 \ ϕ(P (f)) = D2 \ Pf .
Let us prove that in this ase Q′ ⊆
⋃
iΨi.
If it does not hold true, then there exists an edge e0 ⊆ Q′ ∩ q(f).
Evidently, there exists a onneted omponent Θ of the setD2\ϕ(P (f))
whose boundary ontains the set ϕ(e0). Suppose that Q = ϕ
−1(FrΘ).
From Propositions 2.1 and 2.2 it follows that Q is a simple yle. As we
proved above the set ψ(Q) is a boundary of some onneted omponent
Σ of the set D2 \ ψ(P (f)). Obviously, e0 ⊆ Q ∩Q′.
Let x be an inner point of an edge e0, z = ψ(x). By the onditions of
proposition we have z ∈ ψ(q(f)) = ∂D2. It is easy to see that for su-
iently small neighborhoodW of the point z in D2 whih is homeomor-
phi to half-disk the set W \ψ(P (f)) =W \ψ(e0) is onneted. There-
fore W \ψ(P (f)) ⊆ Σ∩Σ′ 6= ∅. From Σ∩FrΣ′ ⊆ Σ∩ψ(P (f)) = ∅ it
follows that Σ ⊆ Σ′. By a parallel argument Σ′ ⊆ D2 \ ψ(P (f)), thus
Σ′ ∩FrΣ ⊆ Σ′ ∩ψ(P (f)) = ∅ and Σ′ ⊆ Σ. Hene Σ′ = Σ, Q′ = Q and
the urve ϕ(Q′) bounds a onneted omponent of the set D2 \Pf , but
it ontradits to the hoie of the yle Q′. Therefore Q′ ⊆
⋃
iΨi.
The set Q′ is onneted thus there is j suh that Q′ ⊆ Ψj. But Ψj
is tree and no one yle is ontained in it. This ontradition is a nal
step of proof. 
Corollary 2.1. In the onditions of Lemma 2.2 there exists a homeo-
morphism Φ : D2 → D2 suh that Φ ◦ ψ1 = ψ2.
Proof. Let Σ1, . . . ,Σk be the onneted omponents of the set D
2 \
ψ1(P (f)) and Q1, . . . , Qk be the yles of the graph P (f) suh that
ψ1(Qi) = FrΣi, i ∈ {1, . . . , k}, see Proposition 2.2. It is lear that
P (f) =
⋃k
i=1Qi.
By Lemma 2.2, every set ψ2(Qi) is a boundary of some onneted
omponent Σ′i of D
2 \ ψ2(P (f)). By using Lemma 2.2 one again it is
easy to see that D2\ψ2(P (f)) =
⋃k
i=1Σ
′
i. By Shoenies's theorem, for
every i ∈ {1, . . . , k}, the homeomorphism ψ2 ◦ ψ
−1
1
∣∣
ψ1(Qi)
: ψ1(Qi) →
ψ2(Qi) an be extended to a homeomorphism of disks Φi : Σi → Σ′i,
see [22℄. It is easy to see that the map Φ : D2 → D2,
Φ(z) = Φi(z) , for z ∈ Σi ,
is well dened and maps D2 onto itself bijetively. A nite family of
the losed sets {Σi} generates the fundamental over of D
2
and on eah
of them Φ is ontinuous. Hene Φ is ontinuous on D2, see [23℄. It is
known that a ontinuous bijetive map of ompatum to a Hausdor
spae is a homeomorphism. 
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3. The onditions of topologial equivalene
Let f : D2 → R be a pseudoharmoni funtion and a1 < · · · < aN
be all its ritial and semiregular values. Let us onsider a homeomor-
phism hf : [a1, aN ]→ [1, N ] suh that hf (aj) = j for all j ∈ {1, . . . , N}.
It is easy to see that a ontinuous funtion fˆ = hf ◦ f is pseudo-
harmoni, set of its ritial and semiregular values is {1, . . . , N}, and
P (fˆ) = P (f). Funtion fˆ is alled a standardization of f .
Theorem 3.1. Two pseudoharmoni funtions f and g are topologi-
ally equivalent i there exists an isomorphism of ombinatorial dia-
grams ϕ : P (f) → P (g) whih preserves a strit partial order dened
on them and the orientation.
Proof. Neessity. Suppose that two pseudoharmoni funtions f :
D2 → R and g : D2 → R are topologially equivalent. Then there
exist homeomorphisms H : D2 → D2 and h : R → R suh that
f = h−1 ◦ g ◦ H . Also to f and g orrespond their ombinatorial
diagrams P (f) and P (g) with the strit partial order and the orienta-
tion whih onform to f and g. Let ψ1 and ψ2 be embeddings of P (f)
and P (g) into D2 whih are onsistent with f and g, respetively (re-
all that the partial orientations on Cr-subgraphs of P (f) and P (g) are
the same as the orientation of ∂D2). Evidently, the homeomorphismH
maps the regular points of f onto the regular points of g and the ritial
points of f onto the ritial points of g, respetively. From h◦f = g◦H
and bijetivity of h it follows that the homeomorphism H maps the
regular, ritial and semiregular levels of f onto regular, ritial and
semiregular levels of g, respetively. Thus H ◦ ψ1(P (f)) = ψ2(P (g))
and the bijetive map ϕ = ψ−12 ◦H ◦ ψ1 : P (f)→ P (g) is dened. So,
we have the following ommutative diagram:
P (f)
ψ1−−−→ D2
f
−−−→ R
ϕ
y Hy yh
P (g) −−−→
ψ2
D2 −−−→
g
R
It is easy to see that ϕ denes an isomorphism of graphs. Let us prove
that the maps ϕ and ϕ−1 are monotone. We should remind that only
the preserving orientation homeomorphisms R are onsidered thus the
map h : R→ R preserves an order of points of R. Let v1 and v2 be two
verties of the diagram P (f). By the denition of the diagram P (f)
an inequality v1 < v2 is equivalent to f ◦ ψ1(v1) < f ◦ ψ1(v2), so, that
is also equivalent to h ◦ f ◦ ψ1(v1) < h ◦ f ◦ ψ1(v2). This inequality is
equivalent to g◦ψ2 ◦ϕ(v1) < g◦ψ2 ◦ϕ(v2) sine h◦f ◦ψ1 = g◦H ◦ψ1 =
g ◦ ψ2 ◦ ϕ. By the denition of the relation of order on P (g), the last
inequality is equivalent to ϕ(v1) < ϕ(v2). So, the inequalities v1 < v2
and ϕ(v1) < ϕ(v2) are equivalent. Finally, we remind that ϕ is bijetive
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by the onstrution thus ϕ and ϕ−1 are monotone. From what we said
it follows that ϕ : P (f)→ P (g) is an isomorphism of diagrams.
Suieny. Suppose that f, g : D2 → R are pseudoharmoni fun-
tions and P (f), P (g) are their diagrams suh that there exists an iso-
morphism φ : P (f)→ P (g) preserving a strit partial order on the set
of verties and the partial orientations on their Cr subgraphs.
At rst, we want to replae the funtions f and g on the normal-
ized pseudoharmoni funtions fˆ and gˆ with the same ombinatorial
diagrams as f and g.
Let a1 < · · · < aN be the ritial and the semiregular values of f
and b1 < · · · < bM be ritial and semiregular values of g. We x
homeomorphisms hf : [a1, aN ] → [1, N ] and hg : [b1, bM ] → [1,M ]
suh that hf(ai) = i and hg(bj) = j for all i ∈ {1, . . . , N} and
j ∈ {1, . . . ,M}. Obviously, the maps hf and hg are orientation preserv-
ing. Required normalized pseudoharmoni funtions have the following
forms fˆ = hf ◦ f and gˆ = hg ◦ g.
Let us x an embedding ψf : P (f) → D2 whih is onsistent with
f and an embedding ψg : P (g) → D2 whih is onsistent with g (we
should remark that the embeddings ψf and ψg are also onsistent with
fˆ and gˆ, respetively).
Let us prove that for any vertex v of P (f) the following ondition
holds true
(5) fˆ ◦ ψf (v) = gˆ ◦ ψg ◦ φ(v) .
We remark that
f ◦ ψf (V (P (f))) = {a1, . . . , aN} , g ◦ ψg(V (P (g))) = {b1, . . . , bM} .
Hene
fˆ ◦ ψf (V (P (f))) = {1, . . . , N} , gˆ ◦ ψg(V (P (g))) = {1, . . . ,M} .
Fix the sequene of verties u1, . . . , us ∈ V (P (f)) suh that fˆ◦ψf(u1) =
1, . . . , fˆ ◦ ψf (us) = s = fˆ ◦ ψf (v). Then u1 < · · · < us in P (f) hene
φ(u1) < · · · < φ(us) in P (g) and gˆ ◦ ψg(u1) ◦ φ < · · · < gˆ ◦ ψg ◦ φ(us).
Thus j ≤ gˆ ◦ψg ◦φ(uj), j ∈ {1, . . . , s}. Hene fˆ ◦ψf (v) = fˆ ◦ψf (us) =
s ≤ gˆ ◦ ψg ◦ φ(us) = gˆ ◦ ψg ◦ φ(v). By replaing f at g, we have
fˆ ◦ ψf(v) ≥ gˆ ◦ ψg ◦ φ(v). So, (5) holds true. From (5) it follows that
M = N and fˆ(D2) = gˆ(D2) = [1, N ].
Let us onstrut a homeomorphism ϕ : P (f) → P (g) suh that it
realizes an isomorphism φ and satises the following relation on the
spae P (f)
(6) fˆ ◦ ψf = gˆ ◦ ψg ◦ ϕ .
By the denition we have ϕ(v) = φ(v), v ∈ V (P (f)), on the set of
verties.
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Suppose that an edge e = e(v′, v′′) ∈ E(P (f)) belongs to a subgraph⋃
iΨi(f) = P (f) \ q(f). The set e is onneted and fˆ ◦ ψf is loally
onstant on
⋃
iΨi(f), therefore ψf (e) ⊆ fˆ
−1(c) for some c ∈ R. In
partiular, fˆ ◦ ψf(v′) = fˆ ◦ ψf (v′′) = c and verties v′ and v′′ are
non omparable in P (f). So, the verties φ(v′) and φ(v′′) are non
omparable in P (g) and φ(e) ⊂
⋃
j Ψj(g) = P (g) \ q(g). Hene ψg ◦
φ(e) ⊂ gˆ−1(c′) for some c′ ∈ R, in partiular, gˆ ◦ ψf ◦ φ(v′) = gˆ ◦
ψf ◦ φ(v′′) = c′. But from (5) it follows that gˆ ◦ ψf ◦ φ(v′) = fˆ ◦
ψf (v
′) = c, therefore e ⊂ (fˆ ◦ ψf )−1(c) and φ(e) ⊂ (gˆ ◦ ψg)−1(c).
Fix a homeomorphism ϕe : e → φ(e) suh that ϕ(v′) = φ(v′) and
ϕ(v′′) = φ(v′′). Obviously, fˆ ◦ ψf (x) = gˆ ◦ ψg ◦ ϕe(x) = c, x ∈ e.
Suppose that an edge e = e(v′, v′′) ∈ E(P (f)) belongs to Cr-subgraph
q(f). Then every point of a set ψf (e) \ {ψf(v′), ψf (v′′)} is a regular
boundary point of fˆ , hene fˆ is stritly monotone on the ar ψf (e) and
maps it homeomorphially on [c′, c′′], where
c′ = min(fˆ ◦ ψf(v
′), fˆ ◦ ψf (v
′′)) , c′′ = max(fˆ ◦ ψf (v
′), fˆ ◦ ψf (v
′′)) .
Sine φ is an isomorphism of the ombinatorial diagrams then from
C1 it follows that φ(e) ∈ q(g). Thus gˆ maps the set ψg(φ(e)) in R
homeomorphially. From (5) it follows that gˆ ◦ ψg(φ(e)) = [c′, c′′].
Suppose that
ϕe =
(
gˆ ◦ ψg
∣∣
φ(e)
)
−1
◦ fˆ ◦ ψf : e→ φ(e) .
It is easy to see that this map is a homeomorphism and satises the
following relation fˆ ◦ ψf (x) = gˆ ◦ ψg ◦ ϕe(x), x ∈ e.
Let us dene a map ϕ : P (f)→ P (g) as
ϕ(x) = ϕe(x) , for x ∈ e .
By the onstrution ϕe(v) = φ(v) for v ∈ e∩V (P (f)) therefore ϕe′(x) =
ϕe′′(x) for every pair of edges e
′, e′′ ∈ E(P (f)) and x ∈ e′ ∩ e′′ ⊆
V (P (f)). So, the map ϕ is dened orretly. It is easy to see that
ϕ satises (6). The olletion of edges {e ∈ E(P (f))} generate a
nite losed over of a spae P (f) thus it is fundamental. Hene ϕ
is ontinuous sine eah of maps ϕe is ontinuous by denition, where
e ∈ E(P (f)), see [23℄. It is easy to see that ϕ is a bijetive map and the
spaes P (f) and P (g) are ompat. Therefore ϕ maps P (f) on P (g)
homeomorphially. Moreover, sine φ preserves orientation of q(f),
then an orientation on q(g) = ϕ(q(f)) indued by ϕ oinides with the
orientation of q(g) in P (g).
We set
H0 = ψg ◦ ϕ ◦ ψ
−1
f
∣∣∣
Pf
: Pf → Pg .
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By the onstrution H0 maps the set Pf = ψf (P (f)) on Pg = ψg(P (g))
homeomorphially. Moreover, from (6) it follows that
(7) gˆ ◦H0 = fˆ .
As orientations indued on ∂D2 = ψf (q(f)) = ψg(q(g)) by ψf and ψg
from q(f) and q(g) respetively oinide with the positive orientation
of ∂D2 by denition, then H0 preserves the orientation of ∂D
2
.
Our aim is to extend H0 to a homeomorphism H : D
2 → D2 suh
that gˆ ◦H = fˆ .
Let Θ be one of onneted omponents of D2 \ P (f). From Propo-
sitions 2.1 and 2.2 it follows that there exists a simple yle Q ⊆ P (f)
suh that ψf (Q) = FrΘ. Evidently, φ(q(f)) = ϕ(q(f)) = q(g). Thus
ψg ◦ ϕ(q(f)) = ψg(q(g)) = ∂D2 and from Lemma 2.2 it follows that a
set ψg ◦ϕ(Q) is a boundary of some onneted omponent Σ of D2\Pg.
Denote by RFr(f) a set of all regular boundary points of fˆ . It is easy
to see that, on one hand, RFr(f) = ψf (q(f) \ V (P (f))), on the other
hand the set Wf of all regular boundary points of fˆ |Θ
oinides with
RFr(f) ∩ Θ = RFr(f) ∩ FrΘ = RFr(f) ∩ ψf (Q). Therefore Wf is an
image of a set Q ∩ (q(f) \ V (P (f))).
Let RFr(g) be a set of regular boundary points of gˆ. By analogy,
we an onlude that the set Wg of regular boundary points of gˆ|Σ
is
an image of a set ϕ(Q) ∩ (q(g) \ V (P (g))). But a map ϕ is bijetive
and, also, it is known that q(g) = ϕ(q(f)) and V (P (g)) = ϕ(V (P (f))).
Therefore ϕ(Q) ∩ (q(g) \ V (P (g))) = ϕ(Q ∩ (q(f) \ V (P (f)))) and
Wg = ψg ◦ ϕ ◦ ψ
−1
f (Wf ) = H0(Wf ).
From Lemma 2.1 it follows that the funtion fˆ is regular on the set
Θ. Let z1, . . . , z4 and γ1, . . . , γ4 be the points and the ars, respetively,
from Denition 1.7. Proposition 1.1 guarantees thatWf = γ˚1∪γ˚3 holds
true. We set Kf = γ2 ∪ γ4 = FrΘ \Wf .
Similarly, the funtion gˆ is regular on the set Σ. Let w1, . . . , w4 and
ν1, . . . , ν4 be the points and the ars, respetively, from Denition 1.7.
Then Wg = ν˚1 ∪ ν˚3. We set Kg = ν2 ∪ ν4 = FrΣ \Wg.
We already veried that Wg = H0(Wf). The map H0 is bijetive,
thus Kg = H0(Kf ). Hene for the funtions fˆ |Θ
and gˆ|Σ
Theorem 1.1
is satised with the same set D′ ∈ {I2, D
2
+, D
2} and its subset
K ′ =
{
(x, y) ∈ D′ | y ∈ {y1, y2}
}
;
y1 = min{y | (x, y) ∈ D
′} ,
y2 = max{y | (x, y) ∈ D
′} .
Fix a homeomorphism χf : FrΘ → FrD′ suh that χf(Kf ) = K ′. We
set
χg = χf ◦ ψf ◦ ϕ
−1 ◦ ψ−1g = χf ◦H
−1
0 : Fr Σ→ FrD
′ .
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The map χg is a omposition of homeomorphisms therefore χg is a
homeomorphism. Moreover, χg(Kg) = χf ◦H
−1
0 (Kg) = χf(Kf ) = K
′
.
From Theorem 1.1 it follows that there exist numbers af , bf , ag, bg ∈
R and homeomorphisms FQ : Θ → D′ and GQ : Σ → D′ suh that
FQ
∣∣
Kf
= χf , GQ
∣∣
Kg
= χg, and fˆ ◦F
−1
Q (x, y) = afy+bf , gˆ ◦G
−1
Q (x, y) =
agy + bg, (x, y) ∈ D′. We set
K1 = {(x, y) ∈ D
′ | y = y1} ,
K2 = {(x, y) ∈ D
′ | y = y2} .
Due to the hoie of D′ the sets K1 and K2 are onneted. Hene
F−1Q (Ki), i = 1, 2, are also onneted. From F
−1
Q (K1) = χ
−1
f (K1) ⊆
Kf ⊆ ψf (V (P (f)) ∪
⋃
iΨi(f)) it follows that there exists c1 ∈ R
suh that F−1Q (K1) ⊆ fˆ
−1(c1) (we remind that fˆ is loally onstant
on the set ψf (V (P (f)) ∪
⋃
iΨi(f))). On the other hand, G
−1
Q (K1) =
χ−1g (K1) = (χf◦H
−1
0 )
−1(K1), therefore gˆ◦G
−1
Q (K1) = gˆ◦H0◦χ
−1
f (K1) =
fˆ ◦χ−1f (K1) = fˆ ◦F
−1
Q (K1) = c1 sine (7) and G
−1
Q (K1) ⊆ gˆ
−1(c1). Sim-
ilarly, there exists c2 ∈ R suh that F
−1
Q (K2) ⊆ fˆ
−1(c2) and G
−1
Q (K2) ⊆
gˆ−1(c2). Hene for any (x1, y1) ∈ K1 and (x2, y2) ∈ K2 the following
onditions hold true
(8)


fˆ ◦ F−1Q (x1, y1) = afy1 + bf = c1 ,
gˆ ◦G−1Q (x1, y1) = agy1 + bg = c1 ,
fˆ ◦ F−1Q (x2, y2) = afy2 + bf = c2 ,
gˆ ◦G−1Q (x2, y2) = agy2 + bg = c2 .
It is easy to see that a determinant of this system of linear equations
with variables af , bf , ag and bg equals to (y2−y1)2. By the onstrution
y1 6= y2 thus (y2− y1)2 6= 0 and the system (8) has the unique solution
whih an be easily alulated:
af = ag =
c2 − c1
y2 − y1
, bf = bg =
c1y2 − c2y1
y2 − y1
.
So, on the set D′ the following equality holds true
(9) fˆ ◦ F−1Q = gˆ ◦G
−1
Q .
It is lear that G−1Q ◦ FQ(FrΘ) = FrΣ. We remind that
G−1Q ◦ FQ
∣∣
Kf
= χ−1g ◦ χf
∣∣
Kf
= H0
∣∣
Kf
.
Sine G−1Q ◦FQ(Kf) = H0(Kf ) = Kg, then a homeomorphism G
−1
Q ◦FQ
satises to relations G−1Q ◦FQ(Wf ) = G
−1
Q ◦FQ(FrΘ\Kf) = FrΣ\Kg =
Wg.
As we know, the set Wf has two onneted omponents γ˚1 and γ˚3.
Under the ation of the homeomorphism H0 they have to map on the
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onneted omponents ν˚1 and ν˚3 of the set Wg. We ylially hange
a numeration of the points w1, . . . , w4 and the ars ν1, . . . , ν4 so that
H0(˚γ2k−1) = ν˚2k−1, k = 1, 2. The homeomorphism G
−1
Q ◦ FQ also has
to map the sets γ˚1 and γ˚3 on the onneted omponents of the set Wg.
Let us prove that under the ondition γ˚2 ∪ γ˚4 6= ∅ the relations
hold true G−1Q ◦ FQ(˚γ2k−1) = ν˚2k−1, k = 1, 2. We remark that either
G−1Q ◦ FQ(˚γ1) = ν˚1 or G
−1
Q ◦ FQ(˚γ1) = ν˚3 holds true.
It is lear that an ar γ2k−1 is a losure of a ar γ˚2k−1 in D
2
(by
denition γ˚2k−1 6= ∅), k = 1, 2; similarly, ν2k−1 = ν˚2k−1. Thus if
G−1Q ◦FQ(γ2k−1) 6= ν2j−1 for some k, j ∈ {1, 2}, then G
−1
Q ◦FQ(˚γ2k−1) 6=
ν˚2j−1.
Without loss of generality, suppose that γ˚2 6= ∅. Then z2 ∈ γ1 \ γ3
and H0(z2) ∈ ν1 \ ν3. But z2 ∈ γ2 ⊂ Kf and H0(z2) = G
−1
Q ◦ FQ(z2).
Thus G−1Q ◦FQ(γ1) 6= ν3, hene G
−1
Q ◦FQ(˚γ1) = ν˚1 andG
−1
Q ◦FQ(˚γ3) = ν˚3.
Suppose now that γ˚2 ∪ γ˚4 = ∅. Then both sets γ2 and γ4 are
one-point and D′ = D2. Consider an involution Inv : D2 → D2,
Inv(x, y) = (−x, y), (x, y) ∈ D2. Obviously, it hanges the onneted
omponents of FrD′ \ K ′ = FQ(Wf ). Moreover, Inv|K ′
= Id sine
K ′ = {(0,−1), (0, 1)}. If G−1Q ◦ FQ(˚γ1) = ν3, then the map GQ an be
replaed by Inv ◦ GQ. It is easy to see that the following onditions
hold true
• Inv ◦GQ
∣∣
Kg
= χg
∣∣
Kg
;
• gˆ◦(Inv◦GQ)−1(x, y) = gˆ◦G
−1
Q (−x, y) = gˆ◦G
−1
Q (x, y) = agy+bg;
• (Inv ◦GQ)
−1 ◦ FQ(˚γ1) =Wg \ ν˚3 = ν˚1.
So, we proved that the homeomorphisms FQ : Θ → D′ and GQ :
Σ→ D′ satisfy onditions
• fˆ ◦ F−1Q = gˆ ◦G
−1
Q ;
• G−1Q ◦ FQ
∣∣
Kf
= H0
∣∣
Kf
;
• G−1Q ◦ FQ(˚γ2k−1) = ν˚2k−1, k = 1, 2.
We set HQ = G
−1
Q ◦ FQ : Θ→ Σ. Let us verify that
HQ
∣∣
FrΘ
= H0
∣∣
FrΘ
.
It is suient to prove thatHQ(z) = H0(z) for all z ∈ Wf = FrΘ\Kf ⊂
γ1∪γ3. As we know, the set γ˚1 onsists of the regular boundary points
of the funtion fˆ , therefore fˆ is stritly monotone on the ar γ1 and
maps it on fˆ(γ1) ⊂ R homeomorphially ( sine γ1 is the ompatum
and the spae R is Hausdor). Similarly, a map gˆ
∣∣
ν1
: ν1 → gˆ(ν1) ⊂ R
is a homeomorphism onto its image.
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As a onsequene of γ1 ⊂ Pf , ν1 ⊂ Pg and from (7) it follows that
fˆ(γ1) = gˆ ◦H0(γ1) = gˆ(ν1). Thus the following map is well dened
gˆ−1 ◦ fˆ
∣∣
γ1
: γ1 → ν1 .
By using (7) again we have H0|
γ1
= gˆ−1 ◦ fˆ
∣∣
γ1
. On the other hand,
from (9) it follows that fˆ = gˆ◦G−1Q ◦FQ = gˆ◦HQ, therefore gˆ
−1◦ fˆ
∣∣
γ1
=
HQ|
γ1
. Hene H0|
γ1
= HQ|
γ1
.
By analogy we prove that H0|
γ3
= HQ|
γ3
. So, we onstruted the
homeomorphism HQ : Θ→ Σ suh that
fˆ = gˆ ◦HQ
and HQ|FrΘ
= H0|FrΘ
.
Let us onstrut a homeomorphism H : D2 → D2 suh that fˆ =
gˆ ◦H . For every onneted omponent Θ of D2 \Pf its boundary FrΘ
is an image of a simple yle Q(Θ), see Propositions 2.1 and 2.2. For
every Θ we x the homeomorphism HQ(Θ) suh that fˆ = gˆ ◦HQ(Θ) and
HQ(Θ)|FrΘ
= H0|FrΘ
. We dene H by the following relations
H(z) = HQ(Θ) , for z ∈ Θ .
If z ∈ Θ′ ∩ Θ′′, then z ∈ Pf and HQ(Θ′)(z) = H0(z) = HQ(Θ′′)(z). So,
the map H is orretly dened. By Lemma 2.2 there exists a bijetive
orrespondene between the onneted omponents of the sets D2 \Pf
andD2\Pg. Thus H(Θ′)∩H(Θ′′) = ∅ forΘ′ 6= Θ′′ and
⋃
ΘH(Θ) = D
2
.
Hene the map H is bijetive.
Evidently, by the onstrution we have
fˆ = gˆ ◦H .
The losures of the onneted omponents of D2 \ Pf generate a nite
losed over of disk D2. It is known [23℄ that this over is fundamental.
Therefore the map H is ontinuous on D2 sine by onstrution it is
ontinuous on eah element of its over.
It is known that a ontinuous bijetive map of ompatum in Haus-
dor's spae is a homeomorphism. So, H : D2 → D2 is a homeomor-
phism.
Now reall that map H0 |∂D2= H |∂D2 preserves the orientation.
Consequently, H preserves the orientation on D2.
We remind that fˆ = hf ◦f and gˆ = hg ◦g for some homeomorphisms
hf : f(D
2) = [a1, aN ]→ [1, N ] and hg : g(D2) = [b1, bN ]→ [1, N ] whih
preserve orientation. It is obvious that the map h0 = h
−1
g ◦hf : f(D
2)→
g(D2) is a homeomorphism of the segment f(D2) on the segment g(D2)
whih preserves the orientation. Let us x a homeomorphism h : R→
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R, whih preserves the orientation and satises h
∣∣
f(D2)
= h0. It is easy
to see that
h ◦ f = h−1g ◦ hf ◦ f = h
−1
g ◦ fˆ = h
−1
g ◦ gˆ ◦H = g ◦H ,
so, the funtions f and g are topologially equivalent. 
On Fig. 3 the diagrams of two pseudoharmoni funtions whih have
two loal minima, two loal maxima on ∂D2 and one boundary ritial
point are represented. But, these two funtions are not topologially
equivalent.
2
0
1
0
2
0
1
0
1
2
1
2
1
2
1
2
1
2
1
2
1
2
1
2
Figure 3. The diagrams of topologially non equivalent
pseudoharmoni funtions.
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